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Ab STRACT. We show that any homomoiphism from the homeomorphism group of a com- 
pact 2-manifold, with the compact-open topology, or equivalently, with the topology of 
uniform convergence, into a separable topological group is automatically continuous. 

1. Introduction 



O 



It is well-known and easy to see that for any compact metric space {X, d), its group of 
homeomorphisms is a separable complete metric group when equipped with the topology 
2 ' of uniform convergence or equivalently with the compact open topology. In fact, a compati- 

ble right-invariant metric on Homeo(X, d) is given by doo{g, /) = sup^.^^ d{g{x), f{x)), 
and a complete metric by d'^{g, f) — doo{g, f) + doc{g^^, f^^)- We denote by B{x^ e) 
the open ball of radius e around x and by B{x^ e) the corresponding closed ball. 
^ ' If ff S Homeo(X, d), we denote by supp°(f;) the open set {x G X | g{x) ^ x} and by 

r^ . supp(g) its closure, which we call the support of g. 

We intend to show here that in the case of compact 2-manifolds, this group topology 
is intrinsically given by the underlying discrete or abstract group, in the sense that any 






(<— ^ ' homomorphism it from this group into a separable group is continuous. 



Theorem 1.1. Let M be a compact 2-manifold and ir : Honieo(Af ) —> H a homomor- 
phism into a separable group. Then n is automatically continuous when Honieo(M) is 
equipped with the compact-open topology. 

Let us first note the following simple fact, which helps to clear up the situation. 

Fact 1.2. Suppose G is a topological group. Then the following conditions are equivalent. 
(1) Any homomorphism ir : G —> Honieo([0, 1]^) is continuous. 



5t 1 Proof As [0,1]^ is a compact metric space, its homeomorphism group is a (completely 

metrisable) separable group in the compact-open topology, so (1) is a special case of (2). 

For the other implication, suppose that (1) holds and let H be separable. Let A^ be 
the closed normal subgroup of H consisting of all elements that cannot be separated 
from the identity by an open set and let H/N be the quotient topological group, which 
is Hausdorff and separable, and, in particular, any non-empty open set covers the group 
by countably many translates. However, it is an old result (see I.I. Guran |Gu81|) that 
for Hausdorff groups this condition is equivalent to being topologically isomorphic to a 
subgroup of a direct product of separable metric groups, or equivalently, second count- 
able Hausdorff groups (by the Birkhoff-Kakutani metrisation Theorem). Also, a result of 
Uspenskii |Us86| states that any separable metric group is topologically isomorphic to 
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a subgroup of Honico([0, 1]^), and we can therefore, see H /N as a subgroup of some 
power of Honieo([0, 1]^). Thus, as a mapping into the Tikhonov product is continuous 
if and only if the composition with each coordinate projection is continuous, tt composed 
with the quotient mapping is continuous, and hence by the choice of N, also tt is continu- 
ous. D 

However, we shall not use this result in any way, but instead simplify matters by not 
be working with arbitrary homomorphisms, but rather with arbitrary subsets of the group 
satisfying a certain algebraic largeness condition. Let G be a group and W^ C G be a 
symmetric set. We say that W is countably syndetic if there are countably many left- 
translates of W whose union cover G. Moreover if G is a topological group, we say 
that G is Steinhaus if for some fc > 1 and all symmetric, countably syndetic VF C G, 
Int(W'^) 7^ 0. It is not hard to prove (see, e.g., iRo SoOSI I that Steinhaus groups satisfy 
the equivalent conditions of the above fact, and this is the condition that we will verify. 
Note however the order of quantification; the k is universal for all symmetric, countably 
syndetic W. Indeed, the group Homeo+(5'^) equipped with the trivial topology t = 
{0, HomGO+(5^)} satisfies the condition when we have inversed the quantifiers, but the 
identity homomorphism into itself equipped with the compact-open topology is obviously 
discontinuous. 

It is instructive also to consider from which groups one can construct discontinuous 
homeomorphisms. Of course the first case that comes to mind is (K, +), on which one 
can with the help of a Hamel basis, i.e., a basis for R as a Q-vector space, construct 
discontinuous automorphisms, and, in fact, construct group isomorphisms between R and 



2. The proof 

2. 1 . Commutators. We shall first prove a general lemma about homeomorphisms of R". 

Lemma 2.1. Suppose that g e Homeo(R") has compact support. Then there are f,h£ 
Honico(M") with compact support such that g — [/, /i] — fhf~^h~^. 

Proof. Fix some open ball Uq C M" containing the support of g and let ( Um ) be a sequence 
of disjoint open balls such that for some distinct xq and xi in M", the sequences {Um)m>o 
and {U -m)m>o converge in the Vietoris topology to xq and xi respectively. We can now 
find a shift h E Homeo(R") with compact support, i.e., such that h[Urn] = U,n+i and 
define our / by letting f\Um = h'"^9h~"^\Um for ?ti > and setting / = id everywhere 
else. We now see that for m > 0, 

and for to < 0, 

hr^h-^\Um = hidh-^\U.,n = id|C/™, 
while hf^^h^^ = id everywhere else. Therefore, / • hf^^h^^\Um = id|C/m for m > 0, 
f-hf-^h-^\Uo = f\Uo = g\Uo,f-hf-^h-^\U„, = id|C/„,forTO < 0,and fhf-^h-^ = 
id everyhere else. This shows that g = [/, h] = fhf^^h^^. D 

We notice that in the proof above we used / and h with slightly bigger support than g. 
I believe it is an open problem whether this can be avoided and indeed it seems to be a 
much harder problem. We can restate the problem as follows. Can every homeomorphism 
of [0, 1]" that fixes the boundary pointwise be written as a commutator of / and h that also 
fixes the boundary pointwise? What happes if we replace pointwise by setwise? Let us 
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mention that the first question has a positive answer in dimension 1 as, for example, the 
group of orientation preserving homeomorphisms of [0, 1] has a comeagre conjugacy class 
f KeRo041 . The above result slightly strengthens a result of Mather [Ma711 saying that the 
homology groups of the group of homeomorphisms M" with compact support vanish. One 
can of course also extend the lemma to [0, oo[xR"^^ and thus also improve the result of 
Rybicki|Ry96j. 

2.2. Countably syndetic sets. We will now prove some properties of coutably syndetic 
sets in the homeomorphism groups of arbitrary manifolds. These results will allow us to 
completely solve our problem for compact two-dimensional manifolds and provide tech- 
niques for higher dimensions. So let M be a manifold of dimension n and fix a compatible 
complete metric d on M. 

In the following we fix a countably syndetic symmetric subset W C Homco(7\f ) and a 
sequence k„i £ Homeo(Af ) such that IJ^^ k^W = Homeo(M). 

Lemma 2.2. For all distinct yi, . . . ,yp € M and e > 0, there are e > S > and 
Zi G B{yi, e) such that if g S Homeo(M ) has support contained in D — IJf^]^ B(zi, 5), 
then g € W^^. 

Proof. We notice that it is enough to find Zi e B{yi, e) and open neighbourhoods Ui of Zi 
such that if 5 G Homco(Af ) has support contained in IJ^ Ui, then g G W^^. We choose 
some open neighbourhood of yi, Ei C B{yi, e), that is homeomorphic to ]0, e[^. We also 
suppose that the sets Ei are 4e-separated. We will also temporarily transport the standard 
euclidian metric from ]0, e[^ to each of the sets Ei. As we will be working separately on 
each of Ei, this will not cause a problem. Thus in the following, the notation B{x, 0) will 
refer to the balls in the transported euclidian metric, which we denote by d. 

Sublemma 2.3. For all Ui G Ei and 7 > such that d{ui,dEi) > 27, there are 
7 > a > and Xi G dB{ui,^) such that if g € Honieo(M) has support contained 
in A = yf^]^ B{xi, a) C\ B{ui, 7), then there is an h £ W^ with support contained in 
yj^i^i Biui, 7) such that g\A = h\A. 

Proof. Let ui, . . . , Up be given. We fix for each i < p a sequence of distinct points a;,'„ G 
dB{ui, 7) converging to some point 2;^ G dB{ui, 7) and choose a sequence ^ > am > 
such that B{x\^, am) H B{x\, ai) — for any m ^ I. Thus, as a,„ -^ 0, we have that if 
gm G Homeo(M) has support only in 

Am = (B{xl^, am) n S(ui, 7)) U . . . U {B{xPm,am) n B{Up, 7)) 

for each m > 0, then there is a homeomorphism g G Homeo(i\/), whose support is 
contained in C = B{ui,'j) U . . . U B{up,j), such that g\Am — gm\Am. We claim 
that for some nio > 0, if g G Homeo(M) has support contained in Am,,, then there 
is an element h G kmgW, with support contained in C, such that g\Ama ~ h\Amo- 
Assume toward a contradiction that this is not the case. Then for every m we can find 
some gm G Homeo(Af ) with support contained in Am such that for all h G kmW, if 
supp(/i) C C, then gm\Am 7^ h\Am- But then letting g G Homeo(M) have support in 
C and agree with each gm on Am for each m, we see that if h G kmW has support in C, 
then g disagrees with h on Am- Therefore, g cannot belong to any kmW, contradicting 
that these cover Homeo(M). Suppose that mo has been chosen as above and denote Xm^ 
by Xi, Amo by A, and am,, by a. 

Then for any g G Homeo(A/) with support contained in A, there is an element h G W^ 
with support contained in C such that g\A = h\A for all i < p. To see this, it is enough 
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to notice that we can find hQ,hi G kmoW, with supp(ft-o), supp(/ii) C C, such that 
g\A = hi\A and id\A = ho\A. But then h-^hi e (fc„,T4^)-ifc„,T4^ = T4^-iTy = M^^ 
andgIA = id.g|A = /ij^^/iilA. D 

We will first apply Sublemma l2.3l to the situation where Ui = yi and 7 > is sufficiently 
small. We thus obtain 7 > a > and xi E dB{yi,j) such that if g G Homeo(Af) has 
support contained in A = [Jf^i B{xi,a)nB{yi,"/), then there is an h € W'^ with support 
contained in IJiLi -^iViTl) ^^'^^ that g\A = h\A. 

Now pick y[ £ B\xi,a) n B{yt,j) and 7' > such that B{y[,2j') C B(xj,a) n 
B{yi, 7). We now apply Lemma l2Jl once again to this new situation, in order to obtain 
7' > a' > and x^ G dB{y'^,j') such that if <? G Homeo(Af) has support contained 
in A' = [J^^i B{x[, a') n B{y[, 7'), then there is an /i G W'^ with support contained in 
ULi^(y^,7')suchthat5|A' = ;i|A'. 

Now clearly there is a homeomorphism a G Homeo(M) whose support is contained in 
A = ULi B{x^,a) n B{y,, 7) such that a[B{y[,i)] = B{x[,a') and 

a[B{y[, 7') n B{x[,a')] = B{y[n') n B(x>'), 

and hence we can also find such an a in W^, except that its support may now be all of 

ULi^(2/.,7). 

We therefore have that if g G Homeo(il/) has support contained in A' , then a ^ga 
also has support contained in A', and so there is an h G W^ with support contained in 

[X=iB{y',n') such that a" 1 (/a I A' = h\A'. But then g| A' = a/ia^^ |^', while 

p p 

supp(a/ia-i) = a[supp(/i)] C a[[JBiyl,j')] = |J B(a;>')- 

1=1 4 = 1 

We now notice that aha~^ G M^^, and thus that if g G Homeo(M) has support con- 
tained in A' ~ Ur=i B{x[,a') fl B{y[,j'), then there is some / G W^ with support 
contained in [j^^^ 'B{x\,a') such that g\A' = f\A'. 

Now suppose finally that g G Homeo(M) is any homeomorphism having support con- 
tained in ULi^(^i'"') ^ B{y'^,y). Since the sets B(x^,a') n B{y[,y) are homeo- 
morphic to R", working separately on each of these sets and noticing that g has com- 
pact support, we can invoke Lemma IZTI to write 17 as a commutator [b, c] for some 6, c G 
Homco(A/) whose supports are contained in IJiLi B{x^, a') n B{y'^, 7') C A'. Find now 
h G W^ agreeing with b on A' and with support contained in [J^^i B{y[,^'), and, simi- 
larly, find / G W^ agreeing with c on A' and with support contained in [_}^^i B{x[, a'). 
Then the set of common support of h and / is included in A' on which they agree with 
b and c respectively, and we have therefore that [h,J] = hfh~^f~^ = bcb~^c~^ — g. 
In other words, g G W-^^. We can therefore finish the proof by choosing some Zi G 
B{x[, a') n B{y[, 7') and letting U^ = B{x[,a') n B{y[, 7'). □ 

2.3. Circular orders. In order to simplify notation, we will consider circular orders on 
finite sets. Since we are really just interested in simplifying notation, let me just say what 
a circular order is in terms of an example, namely, 5*^. For x, y, z distinct points on S^, 
y is said to be between x and z, in symbols B{x, y, z), if going counterclockwise around 
S^ from X to y, one does not pass through z. Thus a circular order is just a circular 
betweeness relation. When i? is a circular order on a finite set F, we denote for each a; G F 
its immediate successor and immediate predecessor, i.e., the first elements encountered by 
going respectively counterclockwise and clockwise around F, by x^ and x^ . So, e.g., 
(x^)^ = X. 
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2.4. A quantitative annulus theorem. Fix three points wo,wi,i'2 G R^ such that for 
i 7^ i, d(vi,Vj) ~ 1, and denote by A the 2-cell consisting of the points lying within the 
triangle AwoWif2- Suppose also that the barycenter of A lies at the origin, so that for all 
A > 0, A A and A are concentric triangles, the former with sidelengths A. 

Lemma 2.4. Let : (1 — 2ri)A -^ A be a homeomorphic embedding satisfying 

sup d{x,(j){x)) <-—, 

a;e(l-2)))A J-UU 

where rj < j^kq- Then there is a homeomorphism -0 : A ^ A that is the identity outside 
of {1 — 7])A, with supj.g^ d{x, ijj{x)) < lOOrj, and such that ip o 0|(i_2jj)a = id- 

Proof. Let 9(1 — 7y)A be the boundary of (1 — ri)A and pick a finite set of points F 
containing (1 — ri)vo, (1 — ??)wi, (1 — ri)v2 and lying in 9(1 ~ »7)A, such that when F is 
equipped with the circular order obtained from going counterclockwise around 9(1 — jy) A, 
we have d{x, a;+) G]20r7, 21r;[ for all x E ¥. As A is equilateral, d{x, y) > 2Qrj for all 
X ^ y inW. 

Let now C ~ 'P[d{l — 2?7) A] be the image of the boundary of (1 — 2ri)A, so C is a 
simple closed curve. Choose also for each a; £ F a point x € C such that the distance 
d{x, x) is minimal. Since sup^g(j_2^)A d{x, 0(a;)) < -^ and 

^<d{x,d(l-2ri)A)<^ 

for all xGd{l- ry) A, also d{x, x) < r] and d{C, 9(1 - ry) A) > f . 

For all X G ¥, denote by a^ the straight (oriented) line segment from a; to i; and by /S^. 
the straight line segment from x to .t+. We also let 7^ be the shortest path in 9(1 — 2r;)A 

irom(j)~^{x) tO(p^^{x+) and put 7^; = 4>['^'x]- 

By definition of x, a^ intersects C exactly in x, intersects 9(1 — ry)A in exactly x, and 
therefore a^ and jy intersect only if y ~ x^ 01 y ^ x. Similarly, none of the paths /^j. 
and 7j, intersect as they lie in 9(1 — 77) A and C respectively. Therefore, for any x G F, 
Cx — ctx ■7a; •ctx+ -Px IS a simple closed curve beginning and ending at x. Here a denotes the 
reverse path of a and . the concatenation of paths. By the Schonflies Theorem, M? \ Cx has 
exactly two components, one unbounded and the other Ux bounded, homeomorphic with 
M? and with boundary Cx ■ Moreover, as the diameter of Ca; is bounded by 30?7, Cx intersects 
9(1 — 77) A in exactly (3x, and the diameter of 9(1 — ry) A \ /3a; is 1 — 77 > 30?7, this means 
that 9(1 — rj)A\j3x lies in the unbounded component. Therefore, if i?x = C^x = C4: U Cx, 
we have for x ^ y 

{0 if J/ 7^ a;+ and y ^ x~ 

ay if y = 'x'^ 

ax if y = x^ 

We can now define -0 : A ^ A by letting ijj ~ (p^^ on 0[(1 — 277)A], tp = id on 
A \ (1 — 77) A, and, moreover, along the boundaries of Rx construct tp as follows: ip[ax] 
is the straight line segment from x to (p^^{x), tp[yx] = 7^^ and tp[pix] — Px- Then 



ip[Cx] == -^[ax ■ Ix ■ ax+ . Px] = i^[ax] ■ iphx] ■ -^[ax+] ■ ipiPx] = i^i^x] ■ 7x ■ i^[ax+] • Px 
is the boundary of a region Kx homeomorphic to the unit disk D^ and hence, by Alexan- 
der's Lemma, the homeomorphism -(/i from C^ = ax-'^x-Oix-Px ^o tp[ax]-'Jx-'4'[oix+]-Px SX" 
tends to the regions that they bound, i.e., to a homeomorphism of i?^: withKx- This finishes 
the description of tp and it therefore only remains to see that sup^.^^ d{x, tp{x)) < lOOrj. 
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Since ip = 0^^ on 0[(1 — 277)A] and t/; = id on A \ (1 — 77)A it is enough to consider 
what V' does to x e (1 - ri)A \ 4>[{l ~ 2r])A] C [Jx&w^^- Now, ip[Rj:] = K^ for all 
X €¥, and hence it is enough to show that no points in Rx and in K^ are more than 100?7 
apart. But diani(i?j:) < 30?7 and diam(i^a;) < 40r/, while R^ n K^ ^ 0, which gives the 
desired result. This finishes the proof. D 

2.5. Patching along a triangulation of a compact 2-manifold. As Homco(A/) is a sep- 
arable complete metric group it is not covered by countably many nowhere dense sets (this 
is the Baire category theorem) and hence W must be dense in some non-empty open set, 
whereby W^^W ~ W^ is dense in some neighbourhood of the identity in Homeo(M). 
So fix some t^i > such that W^ is dense in 

(1) Vr,, = {g e Homeo(M) | doo(.g, id) < m}- 

It is a well-known fact, first proved rigorously by Tibor Rado, that any compact 2- 
manifold can be triangulated. So from now on, we assume that M is a fixed compact 
2-manifold and we pick a triangulation {Ti, . . . , Tm} of M with corresponding home- 
omorphisms x^ : A ^ T^. By further triangulating each Ti, we can suppose that the 
diameter of Tj is less than ^ for all i. Moreover, by first modifying the Xi along each edge 
of A and then extending to the interior of A by Alexander's Lemma, we can suppose that 
the following holds. If Ti — Xi['^] and Tj — Xj[A] have an edge in common, then Xi 
and Xj agree along this edge, i.e., if Xi(wa) = Xj{va) and XiM = Xji^fd), then for all 

t G [0, 1], XiitVa + (1 - t)vb) = XjitVa. + (1 - t)v0). 

Lemma 2.5. For all < ry < l,ifhE Homeo(M) has support contained in 

m 



then h G W'^°. 

Proof. Let yi — Xi(0) and choose e > such that B(yi,e) C Xi[(l — 7?)A] for all i < m. 
By Lemma lZ2l we can find some < S < e and Zi G B{yi, e) such that if 5 G Homeo(M) 
has support contained in IJ™ ^ B{zi, S) then g G W^^. 

As W'^ is dense in y^^, we can find an / G W^ such that for every i < m, f[xi[{^ — 
77) A]] C B{zi, S) and thus if h is given as in the statement of the lemma, supp(//i/^^) = 
f[supp{h)] C U^" ^ B{z^, e) and thus g = fhf-^ G W^'^, whence h G W^°. D 

Lemma 2.6. Let (5, 77 > 0, 77 < j^ be such that for i < m and x,y E A, 

d{x, y) < IOO77 ^ d{xi{x), xM) < 6. 

Then there is an a > such that for all g G Va there is i/" G V5 fl W^'^ whose support is 
contained in IJ™ j^ Xi[(l ~ v)^] and such that for all i < m, 

■0o5'lx.[(i-2'))A] =id. 

Proof. Fix S and 77 as in the Lemma. Then for any continuous (j> : A ^ A such that 
supjjg^ d{x, (/){x)) < lOOrj, we have for every i < m, 

snpd{y,Xi °(t)°xT^{y)) = sup d(xi(a:), Xi o (j){x)) < S. 

Now pick some a > such that for g G Va and i < m,we have 

5ox.[(l-277)A]Cx.[A]=T,, 
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whereby x7^ ° 5 ° Xi ■ (1 ^ 2?7) A -^ A, and such that 

sup d{x,x7^ ogoxiix)) <-T-:. 

£!;e(l-2jj)A -LtJU 

By the quantitative annulus theorem we can therefore find some homeomorphism ipi : 
A ^ A that is the identity outside of (1 — 77) A, satisfies sup^^^ d{x, ipi{x)) < lOOrj, and 

This implies that for each i < m, Xi ° i'i ° X7^ '■ Ti ^ Ti is a homeomorphism that is the 
identity outside of Xi[(l — ?7)A], sup^gj^. d{x, Xi°4'i° Xi^{^)) < ^' ^^d 

Xi°'4^i° Xi^ ° 3lx.[(i-2'))A] = id. 

We can therefore define if) = IJ™ j^ Xi ° 4'i ° X7^ "= Homeo(M) and notice that ^ £ Vs 
and i/j og\xil{i-2r])A] = id for every i < m. We see that ip has its support contained within 
the set y™ ]^ Xi[(l ^ v)^] ^"d thus, by Lemma IT31 ijj belongs to VF^". D 

Fix some < r < j^. We now define the following set of points in A: For distinct 

i,j = 0, 1,2, weputtUij — {l — 10T)vi + 10TVj, wfj — {l — 9T)vi+9TVj, Uij — {1 — T)wij 

and ufj = (1 — ''')''^ij- ^° '^ij^'^tj S ^A' while Uij,ufj e 9(1 — t)A. We also define a 
number of paths as follows: 

aij is the straight line segment from u^ to Wij . 
(3ij is the straight line segment from Wij to wf^ . 
7y is the straight line segment from uf, to wf^ . 
(ij is the straight line segment from Uij to u^ . 
Kij is the straight path from Wij to Wji . 
ojij is the straight path from Uy to Uji. 
S,o is the shortest path in 9(1 — t) A from Uq2 to Uqi- 
<^i is the shortest path in 9(1 — t) A from u^q to m^2- 
^2 is the shortest path in 9(1 — r) A from U21 to uJq. 
9o is the shortest path in 9 A from Wq^ to uigi . 
6*1 is the shortest path in 9 A from wj*^ to zi;^. 
6*2 is the shortest path in 9 A from W21 to w^. 
We thus see that 

is a simple closed curve bounding a closed region Rij — Rji C A, 

is a simple closed curve bounding a closed region i?^ = i?^ C A that contains Rij . 

Notice however that the preceding definitions depend on the choice of r, which is there- 
fore also the case for the following lemma. 

Lemma 2.7. If (j) & Homeo(M) has support contained in [j"li Uo<i<,<2 XilRtj]' ^^^^ 

Proof. We notice that for distinct I, I', xi [Rth\ ^ Xv [-^a'fc'] 7^ ^ if ^"d only if the triangles 
Ti and Ti have the edge x/baWb] — Xi' [va'Vb'] in common. Moreover, in this case, the set 
Xi[Rab\ ^ Xv [^a'6'] is homcomorphic to the unit disk D^ and is contained in an open set 
homeomorphic to M? . 
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So let Ai, . . . , Asm be an enumeration of all the closed sets Xi[-fi^ah] U Xi' [^^'6'] with 
X;[-Rafc] ^'^'^ X'' [-^a'b'] Overlapping and let Ui C M be an open set containing Ai, home- 
omorphic to K^. We can suppose that the Ui are all pairwise disjoint. Moreover, as the 
diameter of each Tj is at most ^, the diameter of each Aj is at most ^. 



The proof is now very much the same as the proof of Lemma 1231 Let ?/,; G Ai and 
choose < e < ^ such that B{yi,€) C Ui for all i < m. By Lemma IT^ we can find 
some < 6 < £ and Zi € B(yi, e) such that if 5 S Homeo(Af) has support contained in 
[JT=i B{z^,S) then geW^^. 

As W'^ is dense in Vjj^, we can find an / e W'^ such that for every i < ^, f[A.i] C 
B{zi, S) and thus if is given as in the statement of the lemma, 

supp(/0/-i) = /[supp(0)] C \jB{z,,e), 

i=l 

and thus g ^ fcjjf-^ e W^^, whence e W^°. D 

Lemma 2.8. There is av > Q such that ifg G Vi, and g is the identity on IJj^]^ Xi [(1 ~ ''')^]> 
then there is a (j) ^ W^'^ such that (f> o g is the identity on 

m m 

Uxa(l-r)A]uU U Xl[R^,]■ 

i=l 1=1 0<i<j<2 

Proof. Consider the closed set Mq — M \ Int(lJ™ j^ x4(l ~ ''')'^]) ^^'^ ^^ closed sub- 
group H — {g £ Homeo(M) | gly™ Xi[(i-T)A] = id}. Assume that T/ and T;/ have an 
edge in common, i.e., Xii^a) = Xi'{va') and XiM = Xi'(yb') for some a, a', h, b'. Then 
Xi[Rab] U xi'[Ra'b'] C lntMo{xi[Rth\ ^ Xi'[Rib'])- Therefore, we can find some i/ > 0, 
not depending on the particular choice of I, I', a, a', b, b', such that for all such choices of 
I, I', a, a', b, b' and g ^ V^ O H we have 

(2) g[xi[Rab] u xi'iRa'b']] c intMAxiiRtb] u xi'lR^])- 

Fix some g €V,j H H. 

Assume now that x/['^] and Xfc[A] have an edge in common. For concreteness we 
can suppose that, e.g., x/(^o) = Xfe(^i) and x^C^i) = Xk{v2)- As the covering map- 
pings Xi were supposed to agree along their edges, this implies that Xi[/^oi] = Xfc[/5i2], 
xj'^oi] = Xk[Ki2], and xilPio] = Xk[/32i]- Also, as g G H, g is the identity on the paths 
xJCoi],X/Ni],X/[Cio],Xfe[Ci2],Xfc[wi2] andxfc[C2i]^ 

By consequence, x/[Coi] ■ X;[7oi] ■ Xfe[7i2] ■ Xfc[Ci2] and xi[aoi] ■ Xfc[ai2] are paths 
from Xi("oi) to Xk{ui2) only intersecting in their endpoints. Similarly, xJCio] ■ Xi[7io] ■ 
Xk[l2i]-Xk\^2i] and Xi[aio] •Xfc[a2i] are paths from xi{uio) to Xfc(w2i) only intersecting 
in their endpoints. This shows that 

IC = XiiCoi] ■ Xi[7oi] ■ Xfe[7i2] ■ Xfc[Ci2] ■ Xfe[ai2] ■ X;[aoi] 

is a simple closed curve and thus, by the Schonflies Theorem, bounds a region A homeo- 
morphic to the unit disk D^. Similarly, 

^' = XliClo] ■ X/[7l0] ■ XA;[72l] ■ XA;[C2l] ■ XA;[a2l] ■ Xi ["lo] 

is a simple closed curve and thus bounds a region A' homeomorphic to the unit disk D^. 
Now, as x/[aoi] ■ Xfc[ai2] C xi[Roi] U Xfc[-Ri2], by conditionQon g, 

9[xi[aoi] ■ Xfc[ai2]] C IntMo(Xi[^oi] U Xfc[^i2]) 
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and hence intersects x/[Coi] ■ Xi[7oi] ■ Xk^i2\ ■ Xfe[Ci2] only in their common endpoints. 
Thus, 

^ = XilCai] -Xiboi] ■Xfe[7i2] ■Xfc[Ci2] ■5[Xfc["i2]] ■S'[X![aoi]] 
is a simple closed curve bounding a region B homeomorphic to D^. Similarly, 

^' =X([Cio] -xAlw] ■Xfc[72i] ■Xfe[C2i] •9[Xk[a2i]] . g[xi\aw]] 
bounds a region B' homeomorphic to D^. 

We now have two decompositions of xi [Rti\ ^ Xk [Ri2\- 

(1) Au[xi[RQi]^Xk[Ri2\]yjA'. 

(2) B\Jg[xi[R«i]\JXk[Ri2]]^B'. 

Here A and xi [Rqi] U Xfc [^12] overlap along the edge xi Wai] ■ Xk [^12], Xi [^01] U Xk [R12] 
and A' overlap along Xi[aio] ■ Xfc[a2i], while Af] A' =- %. Similarly, B and g[xi[RQi\ U 
Xfe[-Ri2]] overlap along the edge g[xi[aoi]].g[xk\ai2]], g[xi[RmVxk [^12]] and B' overlap 
along5[x/[aio]].g[xfc[a2i]], while BnS' = 0. 

We can now define a homeomorphism tpn, ; xi[Rti] U Xk[Ri2] ^ Xi[Roi] U Xfc [^1^2]' 
by first setting ^pi^ = 5"^ on g[xi[Rm] U Xk[Ri2j\, and then let ipik send B to A, while 
fixing each point of x/[Coi] -Xi [701] ■ Xfc [712] -Xfc [C12] and be y^^ on g[xi[aQi] . Xk\ai2\]. 
Similarly for B' and A' . 

This can be done for all pairs of xi and Xk with a common edge, and we thus produce 
homeomorphisms Lpik on all of the regions, similar to xi [^01] Uxfe [-R12]' '^hat fix each point 
of the boundary curve 

XI [^w] ■ XI [Cio] ■ XI [701] ■ Xk [712] ■ Xk [C12] ■ Xk [^12] ■ Xfc [C21] ■ Xfc [721] ■ XI [710] ■ XI [Cio] • 

Pasting all of these ifik together and extending to all of M by setting = id else- 
where, we obtain a homeomorphism G Homeo(M) whose support is contained in 
\X=i Uo<i<j<2X;[^ij], while being the inverse of 5 on U^i Uo<i<j<2 xJ-Ry]- By 
Lemma lzTl S T^^", which finishes the proof. D 



We are now ready to finish the proof of the Theorem using the preceding sequence of 
lemmas. 

Proof. Let yi, . . . ,yp G i\f be the vertices of the triangulation and choose for each i < pa 
neighbourhood Ui of yi homeomorphic to M^. Find also < e < 771 such that B{yi, e) C 
Ui for all i. By Lemma I2T2I there are < So < e, Zi ^ B{yi,e), such that if 5 £ 
Homeo(Af) has support contained in y^^j^ i3(zi, (5o), then (7 e W^^. As yi,Zi G Ui ~R^, 
we can, as W^ is dense in Vj^-^, find some Hq G W'^ such that hi^{yi) G U'i C B{zi, 60), 
where [/■ is a neighbourhood of Zi homeomorphic to R^. Therefore, there is some go G 
M^^^ such that goho{yi) = Zi. This shows that if / G Homeo(A/) has support contained in 
U = (5'o/io)"MUr=i]' then (gohoy^figoho) has support contained in |Jf^^ B(zj, (5o) and 
hence belongs to W^^. So / belongs to W^'^. We notice that U is an open set containing 

yi,---,yp- 

Recall now the definition of the paths aij , (3ij, etc. and also the fact that these paths all 
depend on the choice of < t < 1. For a fixed choice of t, we define the following simple 
closed curves in A 

•^0 = /'02 ■ ^0 ■ /3oi ■ aoi ■ Coi ■ Co ■ C02 ■ "^02, 

(3) Tl = /3io . 6*1 . /3i2 ■ ai2 . C12 . Ci ■ Cio ■ "lo , 

J^2 = /'21 ■ O2 . /320 ■ ^20 ■ C20 ■ C2 ■ C21 ■ Q^2i • 
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Moreover, we let FJ", F[ , FJ be the closed regions that they enclose. We notice that F[ 
converges in the Vietoris topology to {vi} when r ^ 0, and thus for some r > 0, we have 
for alH = 0, 1, 2 and ? = 1, . . . , m, Xi [F^] C U. So fix this r and denote F^ by F,. We 
notice that 

A = (l-r)AU IJ i?yU U F,. 

0<i<j<2 1=0,1,2 

By consequence, if / G Homeo(M) is the identity on 

m m 

Ux.[(i-t)A]uU U Xl[R^,l 

i=l 1=1 0<i<j<2 

then / has support contained in [J]^i Ui=o i 2 xj-^i] ^ U, and hence / e W^^. 

Find now a i^ > as in the statement of Lemma lZSl Then if 5 G V^ and g is the identity 
on U"=i Xi [(1 ^ ''')'^]' then there is a </) G W^^" such that (po g is the identity on 

m m 

\Jx^[{l-r)A]u\J U Xl[R^J], 

1=1 /=1 0<i<j<2 

and hence belongs to W^^. But then also g G Vt^^^. 

Fix S < ^ and find an 77 > satisfying rj < jk^, rj < ^, and such that for i < m and 
X,?; G A, 

d{x, y) < IOO77 ^ d(xi(a;), X<(y)) < '^• 
By Lemma lZ6l we can find an < a < | such that for all /i G V^ there is V' G V5 n W'^° 
such that for all i < m, 

'0O^lx.[(l-2r,)A] =id. 

In particular, 4' ° h G VsVa C Vs+a Q V^ and is the identity on IJ™ ^ Xi[(l ^ ''')'^]' 
whereby ip o h £ W'^^ and ft, G W^^. This shows that Va C W^^ and thus W^^ con- 
tains an open neighbourhood of the identity in Homeo(Af ) and hence we have proved that 
Homco(i\f ) is Steinhaus, which finishes the proof of the Theorem. D 
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